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Polarized electromagnetic radiation from spatially correlated sources
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We consider the effect of spatial correlations in sources of polarized electromagnetic radiation. We evaluate
the coherency matrix for a spatially extended three-dimensional source in order to obtain its dependence on the
angular position of the observer in the far zone. We find a general condition on the source correlation matrix
under which the polarization in the far zone shows no angular dependence. In general, however, we find that
the polarization shows a rather striking dependence on the direction of observation. We illustrate this effect by
considering some examples of monochromatic spatially correlated sources. The sources, assumed to be mono-
chromatic, are constructed out of dipoles aligned along a line such that their orientation is correlated with their
position. In one representative example, the dipole orientations are prescribed by a generalized form of the
standard von Mises distribution for angular variables such that the azimuthal angle of dipoles is correlated with
their position. In another example the tip of the dipole vector traces a helix around the symmetry axis of the
source. Possible experimental observation of this effect, by considering an analog of the standard two-slit
interference experiment, is also discussed. The effect may find useful applications in certain astrophysical
sources.
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I. INTRODUCTION

In a series of interesting papers Wolf@1–3# studied the
spectrum of light from spatially correlated sources a
found, remarkably, that in general the spectrum does no
main invariant under propagation even through vacuum.
phenomenon was later confirmed experimentally@4–6# and
has been a subject of considerable interest@7#. Further inves-
tigations of the source correlation effects have been don
the time domain theoretically@8# and experimentally@9#.
Several applications of the effect have also been propo
@10–14#. In a related development it has been pointed
that spectral changes also arise due to static@15–19# and
dynamic scattering@20–24#. The Wolf effect arises due to
coherence between spatially separated sources. The e
goes away if the degree of spectral coherence satisfies a
ing law derived in Ref.@1#. Furthermore, the spectrum in th
far zone also depends on the direction of observation, if
degree of spectral coherencem(kR̂,v), where R̂ is a unit
vector in the direction of observation andv(5kc) is the
frequency, is not independent ofR̂.

In the present paper we investigate polarization proper
of spatially correlated sources. This has recently been a
ject of considerable interest@25–31#. In a recent paper we
studied the spectral dependence of polarization from s
sources@32#. In that paper we showed that in the far zo
polarization from such sources shows spectral depend
unless the source correlation matrix satisfies a scaling
analogous to the scaling law found by Wolf in his analysis
spectral shifts due to spatial correlations. In the current pa
we are interested in the angular dependence of the pola
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tion due to interference between the waves emitted from
ferent points on a spatially extended source. In analogy w
the observed spectral shifts, we expect nontrivial polarizat
effects if the light emitted from spatially correlated sources
polarized.

II. ANGULAR AND SPECTRAL DEPENDENCE
OF CORRELATION MATRIX

We first briefly review the results of Ref.@32#. We con-
sider a spatially extended source which is described by
charge densityr (r )(r ,t) and current densityJ(r )(r ,t). We
evaluate the electric field due to this source at the poinQ
~Fig. 1! in the far zone. LetE(R,v) andJ(r ,v) be the ana-
lytic signals associated with the Fourier transform of t
electric field and the current density, respectively. HereR is
the position vector of the observation pointQ, r the position
vector of any pointP on the source, andv is the frequency.
In the far zone,E(R,v) is given by@32#

er,

FIG. 1. Schematic illustration of spatially extended thre
dimensional~3D! source of polarized radiation and the observati
point Q located at position vectorR from the source.P represents
any point on the source located at position vectorr with respect to
the origin O of the coordinate system and at a distanceS5uSu
from Q.
©2001 The American Physical Society05-1
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E~R,v!5
iv

4pe0c2E d3r
eivS/c

R
@J~r ,v!2J~r ,v!•R̂R̂#,

~1!

whereS5R2r , S5uSu, R̂5R/R, andR5uRu. The dimen-
sions of the source are assumed to be much smaller tha
distance to the observation point and hence higher orde
1/R are dropped in obtaining this result.

The coherency matrix in the radiation zone is given by

Ji j ~R,v!5Z~v!(
l ,m

E d3r ad3D
eikR̂•D

R2
j i l Wlm

S ~ra ,D,v!jm j ,

~2!

where ra5(r1r 8)/2, D5r 82r , r and r 8 are the position
vectors of any two points located on the source,Z(v) is an
overall normalization factor which will not play any role i
our analysis,k5v/c, j i j 52R̂i R̂j1d i j , andWi j

S(ra ,D,v) is
the source correlation matrix, defined by

Wi j
S~r ,r 8;v!d~v2v8!5^Ji* ~r ,v!Jj~r 8,v8!&, ~3!

where the angular brackets denote ensemble averages.
der to focus on the contribution that arises due to spa
correlations we assume that thera dependence factorizes
that is,

Wi j
S~ra ,D,v!5(

l
j i l ~ra!Gl j ~D,v!. ~4!

This equation defines the two matricesj i j (ra) andGi j (D,v).
We also assume thatGi j (D50,v)5NS(v)d i j whereN is a
normalization factor and andS(v) is the spectrum of light
emitted by any point on the source. By substituting this
Eq. ~2! we find that

Ji j ~R,v!5Z~v! (
l ,n,m

j i l

Jln
0 G̃nm~k,v!

R2
jm j , ~5!

where

Jln
0 5E d3r aj ln~ra! ~6!

and

G̃nm~k,v!5E d3DGnm~D,v!eik•D, ~7!

with k5kR̂. It is clear that in general in the far zone th
polarization acquires a nontrivial dependence on freque
v as well as the angular position of the observation pointR̂.
In Ref. @32# it was shown that the polarization does not ha
any spectral dependence if and only ifGlm(D,v) satisfies
either of the following conditions:
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Glm~D,v!5h~v!Glm~vD!, ~8!

or

Glm~D,v!5d lmH~D,v!. ~9!

In the present paper we are interested in the angular,
R̂, dependence of the polarization observed in the far zo
We see from Eq.~7! that the polarization in the far zone i
independent ofR̂ if and only if G̃nm can be written as

G̃nm~k,v!5Gnm
(1)~v!G̃(2)~k,v!, ~10!

whereG̃(2)(k,v) is some function ofk andv andGnm
(1)(v) is

a matrix independent ofR̂. Taking the inverse Fourier trans
form of G̃nm(k,v) we find that this translates into the fo
lowing condition:

Gnm~D,v!5Gnm
(1)~v!G(2)~D,v!, ~11!

where G(2)(D,v) is the inverse Fourier transform o
G̃(2)(k,v).

III. POLARIZED RADIATION FROM TWO
MONOCHROMATIC POINT SOURCES

We next consider some simple examples in order to ill
trate the effect. Since we are primarily interested in inve
gating the angular dependence of polarization we cons
only monochromatic sources. We first consider two pol
ized point sourcesP1 and P2 which are located along thez
axis at a distance 2z apart, in analogy to a similar situatio
considered by Wolf@2# for the unpolarized case. The electr
field at the pointQ located at large distancesR1 andR2 from
these point sources can be written as

E5e~r1 ,v!
eikR1

R1
1e~r2 ,v!

eikR2

R2
. ~12!

Herer1 and r2 are the position vectors of the pointsP1 and
P2 ande(r1 ,v) ande(r2 ,v) characterize the strengths of th
two sources. The explicit form ofe(r1 ,v) and e(r2 ,v) for
some simple physically motivated systems will be given b
low. We calculate the coherency matrix for this electric fie
at some pointQ ~Fig. 2! in the far zone.

In order to illustrate the contribution of the cross corre
tion term we assume that the two sources are simple dip
p1 and p2 located atz and 2z, respectively, and oriented
such that their polar anglesu15u25up and the azimuthal
anglesf152f25p/2. We assume thatup lies between 0
andp/2. The strength of the dipoles isp0 and they radiate a
frequencyv. We compute the electric field at pointQ lo-
cated at coordinates (R,u,f), as shown in Fig. 2, such tha
R@z. The electric field in the far zone is given by Eq.~12!

where the unit vectorsê(r1) and ê(r2) in the directions of
e(r1 ,v) and e(r2 ,v), respectively, are given byê(r1)
5p̂1•R̂R̂2p̂1 and ê(r2)5p̂2•R̂R̂2p̂2. We also assume tha
in the denominators of the two terms on the right hand s
5-2
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POLARIZED ELECTROMAGNETIC RADIATION FROM . . . PHYSICAL REVIEW E64 066605
of Eq. ~12! R1 andR2 can be replaced byR15R25R, which
is a reasonable approximation in the far zone. Hence, u
an overall factor that is irrelevant for our purpose, the field
the far zone is given by the addition of two vectorsp̂1•R̂R̂
2p̂1 and p̂2•R̂R̂2p̂2 with phase difference of 2vz cosu/c.
The vectorp̂•R̂R̂2p̂ at any point (R,u,f) is of course sim-
ply the projection of the polarization vectorp̂ on the plane
perpendicular toR̂ at that point. We keep only the leadin
order terms inz/R in computing the total electric field.

The observed polarization is obtained by calculating
coherency matrix, given by

J5S ^EuEu* & ^EuEf* &

^EfEu* & ^EfEf* &
D . ~13!

The state of polarization can be uniquely specified by
Stokes parameters or equivalently the Poincare´ sphere vari-
ables@33#. The Stokes parameters are obtained in terms
the elements of the coherency matrix asS05J111J22, S1
5J112J22, S25J121J21, S35 i (J212J12). The parameter
S0 is proportional to the intensity of the beam. The Poinc´
sphere is charted by the angular variables 2x and 2c, which
can be expressed as

S15S0cos~2x!cos~2c!, S25S0cos~2x!sin~2c!,

S35S0sin~2x!. ~14!

The anglex (2p/4<x<p/4) measures the ellipticity o
the state of polarization andc (0<c,p) measures the
alignment of the linear polarization. For example,x50 rep-
resents pure linear polarization andx5p/4 pure right circu-
lar polarization.

The Stokes parameters at the observation pointQ for the
two-dipole source are given by

FIG. 2. Schematic illustration of two polarized monochroma
point sourcesP1 and P2 located atr1 and r2, respectively. The
observation pointQ is at a distanceR which is much larger than the
spatial extent of the source.
06660
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S05S v2p0

c2R D 2

$4 cos2@vz~cosu!/c#cos2up sin2u

14 sin2@vz~cosu!/c#sin2up~cos2u sin2f1cos2f!%,

S15S v2p0

c2R D 2

$4 cos2@vz ~cosu!/c#cos2up sin2u

14sin2@vz~cosu!/c#sin2up~cos2u sin2f2cos2f!%,

S25S v2p0

c2R D 2

8sin2@vz~cosu!/c#sin2up cosu sinf cosf,

S35S v2p0

c2R D 2

8cos@vz~cosu!/c#sin@vz~cosu!/c#

3cosup sinup sinu cosf. ~15!

The resulting polarization in the far zone is quite intere
ing. At sinf50, u5p/2 the wave is linearly polarized (x
50) with c50. Asu decreases fromp/2 to 0,x.0 and the
wave has general elliptical polarization withc50. At a cer-
tain value of the polar angleu5u t the wave is purely right
circularly polarized. Asu crossesu t , the linearly polarized
component jumps from 0 top/2, i.e., 2c changes from 0 to
p. The value of the polar angleu t at which the transition
occurs is determined by

tan@vz~cosu t! /c#56sinu t /tanup . ~16!

From this equation we see that, asz→0, the transition angle
u t is close to zero for a wide range of values ofup . Only
whenup→p/2 can a solution withu t significantly different
from 0 be found. In general, however, we can find a solut
with any value ofu t by appropriately adjustingz andup . If
the value of (vz/c) is large enough we also find multipl
values ofu t that satisfy Eq.~16!. It is clear that even ifup is
small, which physically means that both the dipole orien
tions make very small angles with thez axis, by suitably
choosingvz/c large enough we can get multiple polarizatio
flips even at polar angles of the observation point close
p/2. For sinf.0, we find qualitatively similar results, ex
cept that now the linear polarization angle 2c increases
smoothly from 0 asu goes fromp/2 to 0. Furthermore, the
state of polarization never becomes purely circular, i.e.,
angle 2x is never equal top/2 although it does achieve
maximum atu close to the transition angleu t given by Eq.
~5!.

Experimentally the situation we have discussed abov
analogous to the standard two-slit interference experim
except that we are considering the detailed polarization st
ture of the interfering waves. We can set up an experimen
study the polarization interference effects by illuminating t
two slits with a coherent circularly polarized beam. We pla
a polarizer in front of each slit in order to get the desir
linear polarization. The two slits then act as second
sources of electromagnetic waves. Referring again to Fi
we assume that the screen containing the two slits lies in
z-y plane. The polarizers are aligned such that they are
5-3
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ABHISHEK AGARWAL, PANKAJ JAIN, AND JAGDISH RAI PHYSICAL REVIEW E64 066605
parallel to this plane. For simplicity we assume that the
servation pointQ lies in thex-z plane, i.e.,f50. The result-
ing interference pattern can be computed by using the ve
diffraction theory@34#. The electric field due to a single sl
centered atr1 is given by

E1~R!5
1

2p
“3E @ n̂3E~r1!#

eikR1

R1
da1 . ~17!

HereE1(R) is the diffracted wave,E(r1) is the electric field
at the position of the slit,n̂ is the unit vector perpendicular t
the slit, and the integration is over the area of the open
We assume that the electric field vectorE is constant over
the slit and then we find that

E1~R!5C
eikR

R
~ n̂R̂•p̂12p̂1R̂•n̂!, ~18!

whereC is a constant which will not play any role in ou
analysis,p̂1 is a unit vector in the direction of the electr
field E(r1), and we have ignored higher order terms inz/R.
The total electric fieldET at the pointQ is obtained by add-
ing the contributions from the two slits. LetD be the angle
between the orientations of the linear polarization at the
slits. We take thez axis to be aligned symmetrically betwee
these two polarization vectors and thusup5D/2. The result-
ing Stokes parameters are given by

S05S 2C

R D 2

$cos2@vz~cosu!/c#cos2up

1sin2@vz~cosu!/c#sin2up sin2u%,

S15S 2C

R D 2

$cos2@vz~cosu!/c#cos2up

2sin2@vz~cosu!/c#sin2up sin2u%,

S250

S35S 2C

R D 2

2cos@vz~cosu!/c#sin@vz~cosu!/c#

3cosup sinup sinu. ~19!

The transition angle in this case is given by the equation

tan@vz~cosu t!/c#56
1

sinu t tanup
. ~20!

It is well known that the interference intensity patte
depends on the state of polarization of the two sources.
find that the polarization pattern also oscillates in a man
analogous to the oscillations in intensity. We consid
vz/c@1, in which case we find that there exist a large nu
ber of intensity maxima. The positions of these maxima~and
minima! as a function of the polar angleu are obtained by
setting the derivative ofS0 with respect tou equal to zero. If
we consider the interference pattern close tou5p/2 then we
find that the maxima and minima occur at the positions
06660
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vz~cosu!/c'np or ~n11/2!p, ~21!

as we expect. For a wide range of values of the parameteup
we find that vz(cosu)/c'np gives the position of the
maxima. However if cos2up,sin2upsin2u, then np actually
gives a minimum. The polarization pattern also fluctuates
the same manner. The angleu where the polarization is com
pletely linearly polarized, i.e.,S350, is again given by Eq.
~21!. We further find that for the case of the two-slit expe
ment the polarization at the minima is orthogonal to that
the maxima.

In order to illustrate this point we compare in Fig. 3 th
intensity patternS0 with the state of circular polarization. W
set the parametervz/c550, which implies that the distanc
between the two slits is large compared to the wavelengt
light. In this case we expect a large number of interferen
fringes, which are shown in Fig. 3~a! as a function of the
angled5p/22u ~in radians! between the unit normal to th
screen containing the slits and the direction of observat
The pattern of fringes of course depends on the state of
larization of the two sources. The electromagnetic wave
the two slits is assumed to be linearly polarized with t
angle D between the polarization at the two slits equal
p/4. Hence the polarization at the two slits has the po
angleup5p/8. In Fig. 3~b! we plot sin 2x, which illustrates
the state of circular polarization with sin 2x51 representing
pure right circular polarization. The state of circular pola
ization also oscillates such that we find pure linear polari
tion at the location of both maxima and minima. Howev
the orientation of linear polarization at maxima is at rig
angles to the polarization at minima. This effect can be m
sured experimentally by performing the standard two-slit
terference experiment using polarized light. We assume

FIG. 3. ~a! The intensityS0 ~in arbitrary units! due to interfer-
ence of electromagnetic radiation from two slits is plotted as
function of the angled5902u ~in degrees! with respect to the unit
normal to the screen containing the slits. Hereu is the polar angle
as defined in text. The angular dependences of sin 2x ~solid line!,
which is a measure of the ellipticity of the state of polarization, a
the linear polarization anglec ~dashed line! are shown in~b!. The
parameters used for this plot arevz/c550 andD5p/4, whereD is
the angle between the orientations of linear polarization at the
slits.
5-4
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POLARIZED ELECTROMAGNETIC RADIATION FROM . . . PHYSICAL REVIEW E64 066605
the two slits are illuminated by a circularly polarized mon
chromatic light that has perfect spatial correlation. The s
of polarization at the two slits can be changed to linear
larization at desired orientations using polarizers. The po
ization can then be measured at a faraway point at diffe
angular positions.

IV. CONTINUOUS SPATIALLY CORRELATED SOURCES

We next discuss the more general case of continuous
tially correlated sources. In the case of a primary source
electric field in the radiation zone is given by Eq.~1!. We
will again specialize only to monochromatic sources and
sume perfect coherence over the entire source so tha
degree of polarization is equal to unity. We expect that
polarization will display a nontrivial angular dependence
the far zone and illustrate this by taking some simple
amples of one-dimensional sources.

A. A one-dimensional spatially correlated source

A simple continuous model of a monochromatic spatia
correlated source can be constructed by arranging a seri
dipoles along a line with their orientations correlated w
the position of the source. The dipoles will be taken to
aligned along thez axis and distributed as a Gaussian e
@2z2/2s2#. The orientation of the dipole is characterized
the polar coordinatesup ,fp , which are also assumed to b
correlated with the positionz. A simple correlated ansatz i
given by

exp@a cosup1bz sinfp#

N1~a!N2~bz!
, ~22!

where a and b are parameters,N1(a)5pI 0(a) and
N2(bz)52pI 0(bz) are normalization factors, andI 0 is the
Bessel function. The basic distribution function exp(a cos@u
2u0)# used in the above ansatz is the well known von Mis
distribution which for circular data is in many ways the an
log of a Gaussian distribution for linear data@35–37#. For

FIG. 4. The correlated source consisting of an array of dipo
aligned along thez axis. The observation pointQ is at a distanceR
which is much larger than the spatial extent of the source.
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a.0 this function peaks atu5u0. Making a Taylor expan-
sion close to its peak, we find a Gaussian distribution
leading power inu2u0. The maximum likelihood estimator
for the mean angleu0 and the width parametera are given
by ^sin(u2u0)&50 and ^cos(u2u0)&5d ln@I0(a)#/da, respec-
tively. In prescribing the ansatz given in Eq.~22! we have
assumed that the polar angleup of the dipole orientation is
uncorrelated withz and the distribution is peaked atup50
(p) for a.0 (,0). The azimuthal anglefp is correlated
with z such that forb.0 and z.0(,0) the distribution
peaks atfp5p/2(3p/2).

We next calculate the electric field at very large distan
from such a correlated source. The observation pointQ is
located at the position (R,u,f) ~Fig. 4!, measured in terms
of the spherical polar coordinates, and we assume that
spatial extent of the sources!R. The electric field from
such a correlated source at large distances is given by

E52
v2

c2R
p0ei (2vt1Rv/c)E

2`

`

dzexp~2z2/2s2!

3E
0

p

dupE
0

2p

dfp3
exp~a cosup1bz sinfp!

2p2I 0~a!I 0~bz!

3exp~ ivzR̂• ẑ/c!~ p̂•R̂R̂2p̂!, ~23!

wherep̂ is a unit vector parallel to the dipole axis,p0 is the
strength of the dipole,v is the frequency of light, andI 0
denotes the Bessel function. Since we are interested in
radiation zone we have dropped all terms higher order
z/R. The resulting field is of course transverse, i.e.,E•R̂
50. We have also assumed that all the dipoles radiate a
same frequency and are in phase. The spatial correlatio
the source is measured by the parameterb.

It is convenient to define scaled variablez̄5z/s, l̄

5l/s wherel52pv/c is the wavelength, andb̄5bs. The
integrations overup and fp can be performed analytically
We numerically integrate overz for various values of posi-
tion of the observation point, different values of the para
eter a that determines the width of the distribution ofup ,
and different values of the correlation parameterb.

We first study the situation whereb̄.0 anda.0. The
results for several values of (u,f) are given in Figs. 5 and 6
which show plots of the Poincare´ sphere variables 2x and
2c. The scaled wavelengthl̄5l/s of the emitted radiation
is taken to be equal top, i.e., the effective size of the sourc
s is of the order of the wavelengthl. The results show
several interesting aspects. The ellipticity of the state of
larization shows significant dependence on the position
the observer. The anglex50, i.e., the beam has pure linea
polarization, for the polar angle cosu50,1 for all values of
the azimuthal anglef. It deviates significantly from 0 as
cosu varies from 0 to 1. For sinf50, 2x5p/2 at some
critical valueu t as cosu varies between 0 andp/2, i.e., the
state of polarization is purely right circular atu5u t . For
sinf.0, 2x also deviates significantly from 0 and displays

s

5-5



is

m

t

ric
-

-
l

f
nd

is
ion
t

r

are

ti-

the

-
fect

n

to a

e

of
rre

th

e
o

s

ABHISHEK AGARWAL, PANKAJ JAIN, AND JAGDISH RAI PHYSICAL REVIEW E64 066605
peak at some value ofu. The precise position of the peak
determined by the values of the correlation parametersa and
b̄.

The alignment of linear polarization also shows so
very interesting aspects. For sinf50, we find thatc is either
0 or p depending on the value ofu. The transition occurs a
the same critical value ofu where the anglex shows a peak.
The state of polarization is purely linear with the elect
field alongû for cosu50 and then acquires a circular com

FIG. 5. The polar angle on the Poincare´ sphere, 2x, which is a
measure of the eccentricity of the ellipse traced by the electric fi
vector. For pure linear polarization 2x50 and for pure right circu-
lar polarization 2x5p/2. The 3D plots show 2x as a function of
cosu and sinc whereu andf are the polar and azimuthal angles
the point of observation. The 2D plots on the right show the co
sponding slices of the 3D plots for different values of sinf. The

upper and lower plots correspond tob̄51, a50.25 andb̄5a51,
respectively.

FIG. 6. The azimuthal angle on the Poincare´ sphere, 2c. This
measures the orientation of the linearly polarized component of
wave. The 3D plots show 2c as a function of cosu and sinc where
u andf are the polar and azimuthal angles of the point of obs
vation. The 2D plots on the right show the corresponding slices
the 3D plots for different values of sinf. The upper and lower plots

correspond tob̄51, a50.25, andb̄5a51 respectively.
06660
e

ponent for increasing values of cosu. At the transition point
u5u t , the polarization is purely circular. With further in
crease in the value ofu the state of polarization is elliptica
with the linearly polarized component aligned alongf̂. The
transition point is clearly determined by the conditionsS1
5J112J2250 andS25J121J2150.

For other values of sinf we find thatc50 for cosu50
and then deviates significantly from 0 asu approachesu t ,
finally leveling off as cosu approaches 1. The final value o
c at cosu51 depends on the correlation parameters a
sinf but for a wide range of parameters 2c.p/2. We see
from Fig. 7 that the linear polarization from sources of th
type shows a striking characteristic, i.e., that the polarizat
anglec is close to either 0 orp/2 depending on the angle a
which it is viewed.

For sinf,0 the Poincare´ sphere polar angle 2x is the
same as for sinf.0; however, the orientation of the linea
polarization 2c lies betweenp and 2p, i.e., in the third and
fourth quadrants of the equatorial plane on the Poinc´
sphere. For a particular value off the azimuthal angle
c(f)52c(2f).

If we change the sign ofa we do not find any change in
linear polarization anglec; however, the value ofx changes
sign, i.e., the state of polarization changes from right ellip
cal to left elliptical. The change in sign ofb̄ also leavesc
unchanged while changing the sign ofx. Changing the signs
of both a and b̄ produces no change at all.

In the case of the limiting situation whereb̄50 we find,
as expected, that the linear polarization is independent of
angular position, i.e.,x50 andc50. This is true for any
value of the parametera, which determines the polar distri
bution of the dipole orientations. Hence we see that the ef
disappears if either the effective size of the sources50 or
the correlation parameterb50. The effect also disappears i
the limit a→`. In this limit the distribution ofup is simply
a d function peaked at 0 and hence our model reduces

ld

-

e

r-
f

FIG. 7. The critical value of the polar angleu at which the state
of linear polarization shows a sudden transition for sinf50 as a
function of the parametersa andb that specify the distribution of
the dipole orientations. For any given values of the parametera
andb, the electric field is parallel (c50) to thez axis if the cosine
of the observation polar angle, cosu, is less than cosut . On the
other hand the electric field is perpendicular to thez axis if cosu is
greater than cosut .
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series of dipoles aligned along thez axis, which cannot give
rise to any nontrivial structure. In the numerical calculatio
above we have taken the effective size of the sources of the
order of the wavelengthl. If the sizes!l, the effect is
again negligible since the phase factorvzR̂• ẑ/c in Eq. ~23!
is much smaller than 1 in this case.

Hence we find that in order to obtain a nontrivial angu
dependence of the state of polarization the size of the sou
assumed to be coherent, has to be of the order of or la
than the wavelength.

B. Transition angle

From our results we see that there exists a critical valu
the polar angleu at which the state of linear polarizatio
changes very rapidly. This is particularly true if we s
sinf50, where we find that the orientation of linear pola
ization c suddenly jumps from 0~or p) to p/2 at some
critical value of the polar angleu5u t . We study this case in
a little more detail. Theu and f components of the tota
electric field are given by

Eu52
v2p0

c2R
e2 iv(t2R/c)A2s2pe2s2v2cos2u/2c2 I 1~a!

I 0~a!
sinu

Ef5 i
v2p0

c2R
e2 iv(t2R/c)

2 sinha

apI 0~a!
A,

where

A5E
2`

`

dze2z2/2s2
sin@vz cosu/c#

I 1~bz!

I 0~bz!
.

In this case the Stokes parameterS250. For b>(,) 0, S3
>(,) 0 and hencex>(,) 0. The point where the polariza
tion angle 2c jumps from 0 top is determined by the con
dition S150. This is clearly also the point where 2x5
6p/2. Explicitly, the condition to determine the critica
valueu t is

A25s2p3a2e2s2v2cos2u t /c2
sin2u t

I 1~a!2

2 sinh2a
. ~24!

This can be used to determineu t as a function ofa andb.
The result for cosut as a function ofa is plotted in Fig. 7 for
several different values ofb. For any fixed value of the
parameterb, the transition angleu t decreases fromp/2 to 0
asa goes from zero to infinity. This is expected since asa
becomes large the polar angle distribution of the dipole
entations, peaked along thez axis, becomes very narrow an
hence the resultant electric field is aligned along thez axis
for a large range of polar angleu. Furthermore, we find, as
expected, that asb goes to zero the transition angle al
tends toward 0.

C. Correlation with intensity in the radiation zone

We next examine how the polarization is correlated w
the angular dependence of intensity in the far zone. In
case of two slits we found strong correlation in the sense
06660
s

r
e,
er

of

t

i-

e
at

the wave was linearly polarized at the positions of t
minima and maxima of intensity. In the present case we
not find any such correlation. The intensity profile for th

case is plotted in Fig. 8 with the parametersb̄51 and a
50.25. The polarization profile for this choice of paramete
is shown in the upper plots in Figs. 5 and 6. It is clear th
the positions of the intensity extrema do not correspond
any special points on the polarization profiles. Hence
strong correlation found in the case of two slits is absen
the present case. The condition for intensity extrem
]S0 /]u50, is clearly distinct from the conditionS350 that
requires that the wave is purely linearly polarized. Only
the special case of two slits were these two conditio
equivalent.

D. Helical model

We next study an interesting generalization of the mo
discussed above. Instead of having the peak of thefp distri-
bution fixed to2p/2 for z,0 andp/2 for z.0 we allow it
to rotate in a helix circling around thez axis. In this case we
replace thefp dependence by exp@b(fp2jz)#. As z goes
from negative to positive values, the peak of the distribut
rotates clockwise around thez axis forming a helix. Thez
distribution in Eq.~23! is taken to be uniform, and the sourc
extends fromz52s to z5s. We study this in detail by
fixing the azimuthal angle of the dipole orientationfp5jz
and the polar angleup to some constant values, i.e., thefp

andup distributions are both assumed to bed functions. This
allows us to perform thez integration in Eq.~23! analyti-
cally. The resulting states of polarization, described by Po
carésphere angles 2x and 2c, are shown in Figs. 9–12. In
this model we can extract a simple rule to determine
transition angle for the special caseup5p/2 and j5np
wheren is an integer. We set sinf50 for this calculation
since it is only for this value that the polarization becom
purely circular for some value ofu5u t and the linearly po-
larized component flips byp/2 at this point. A straightfor-
ward calculation shows that this transition angleu t is given
by

FIG. 8. The intensity profileS0 ~in arbitrary units! in the radia-
tion zone as a function of cosu for different values of sinf for the

parametersb̄51, a50.25.
5-7
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cos2u t5nl̄/2. ~25!

Heren represents the number ofp radians that are traverse
by the tip of the electric field vector along the helical pa
and l̄5l/s wherel is the wavelength. In order to get a
least one transitionl̄,2/n. In the special case under consi
eration there is at most one transition. However, in gene
the situation is more complicated and for certain values ofup
andj, more than one transition is possible. Some repres
tative examples are shown in Figs. 9–12. In this case also
do not find any direct correlation between the intensity
trema and the polarization profile. For the simple case
up5p/2, j5np, and sinf50, for which the transition angle
is given by Eq.~25!, we find that the intensity extrema ar
given by cosu5ml̄/2, wherem is any integer. Hence it is
clear that neither the number nor the positions, of the int
sity extrema have any direct correlation with the number a
positions of transitions in the polarization profile.

V. DISCUSSION AND CONCLUSIONS

In this paper we have considered spatially correla
monochromatic sources. We find that at large distance
polarization of the wave shows a dramatic dependence on
angular position of the observer. For certain sets of par

FIG. 9. The polar angle on the Poincare´ sphere, 2x ~rad!, for the
helical model as a function of cosu (l50.2p,up5p/2,j5p).

FIG. 10. The azimuthal angle on the Poincare´ sphere, 2c ~radi-
ans! for the helical model as a function of cosu (l50.2p,up

5p/2,j5p).
06660
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eters the linearly polarized component shows a sudden ju
by p/2. If the symmetry axis of the source is taken to be t
z axis, the polarization shows a sudden transition from p
allel to perpendicular to the symmetry axis of the source,
the polar angle is changed fromp/2 to 0. The sources con
sidered in this paper are idealized since we have assu
coherence over the entire source. For small enough sou
this may a reasonable approximation. In the case of ma
scopic sources, this assumption is in general not applica
However, in certain situations some aspects of the beha
described in this paper may survive even for these cases
may consider a macroscopic source consisting of a la
number of structures of the type considered in this paper.
long as there is some correlation between the orientatio
these structures over large distances we expect that s
aspects of the angular dependence of the polarization of
small structures will survive, even if no coherent phase re
tionship exists over large distances. Hence the ideas
cussed in this paper may also find interesting application
macroscopic and astrophysical sources. An interesting as
physical example is the synchrotron radiation from mag
tized plasma in sources such as pulsars, radio galaxies,
quasars. Large scale spatial correlation may be expecte
these cases. It is also well known that the polarization an

FIG. 11. The polar angle on the Poincare sphere, 2x ~radians!

for the helical model as a function of cosu (l̄50.4p,up5p/4,j
5p).

FIG. 12. The azimuthal angle on the Poincare´ sphere, 2c ~rad!,

for the helical model as a function of cosu (l̄50.4p,up5p/4,j
5p).
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of radio galaxies and quasars is predominantly observe
be aligned either parallel or perpendicular to the source
entation axis@38#. This difference has generally been attri
uted to the existence of different physical mechanisms
the generation of radio waves in these sources. Our st
however, indicates that this difference in observed polar
tion angle could also arise simply due to different angles
observation. Hence orientation effects must be conside
m

hy

Op

.C

pt

.

06660
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before assuming different physical mechanisms for diff
ences in the observed polarizations of these sources.
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